Abstract: Let X be a completely regular Hausdorff space, E and F be Banach spaces. Let C b .X; E/ be the space of all E-valued bounded, continuous functions on X , equipped with the strict topologyˇ. We develop the Riemman-Stieltjes-type integral representation theory of .ˇ; k k F /-continuous operators T W C b .X; E/ ! F with respect to the representing Borel operator measures. For X being a k-space, we characterize strongly bounded .ˇ; k k F /-continuous operators T W C b .X; E/ ! F . As an application, we study .ˇ; k k F /-continuous weakly compact and unconditionally converging operators T W C b .X; E/ ! F . In particular, we establish the relationship between these operators and the corresponding Borel operator measures given by the Riesz representation theorem. We obtain that if X is a k-space and E is reflexive, then .C b .X; E/;ˇ/ has the V property of Pełczynski.
Introduction and terminology
Throughout the paper let .E; k k E / and .F; k k F / be Banach spaces, and let E 0 and F 0 denote the Banach duals of E and F; respectively. By B F 0 and B E we denote the closed unit ball in F 0 and E, respectively. By L.E; F / we denote the space of all bounded linear operators from E to F . Given a locally convex space .Z; / by .Z; / 0 or Z 0 we will denote its topological dual. We denote by .Z; Z 0 / the weak topology on Z with respect to a dual pair hZ; Z 0 i. Let us recall that .Z; / is a generalized DF-space, if Z has a countable fundamental family fB n W n 2 Ng of absolutely convex -bounded subsets and if is the finest locally convex topology on Z which agrees with on each B n . Assume that .X; T / is a completely regular Hausdorff space. By K.X / (resp. F.X / ) we will denote the family of all compact (resp. finite) sets in X . Let C b .X; E/ stand for the space of all bounded continuous functions f W X ! E. By c (resp. s ) we denote the topology on C b .X; E/ of uniform convergence on all K 2 K.X / (resp. on all M 2 F.X //. By u we denote the topology on C b .X; E/ of the uniform norm k k. By C b .X; E/ 0 we denote the Banach dual of C b .X; E/. For f 2 C b .X; E/ we will write e f .t / D kf .t /k E for t 2 X . Let C rc .X; E/ denote the subspace of C b .X; E/ consisting of those functions h such that h.X / is relatively compact.
Let C b .X /˝E stand for the linear space spanned by the set of all functions of the form u˝x, where u 2 C b .X /, x 2 E, and .u˝x/.t / D u.t /x for t 2 X .
By Bo we denote the -algebra of Borel sets in X . By S.Bo; E/ we denote the set of all E-valued Bo-simple functions on X . Let B.Bo; E/ stand for the Banach space of all totally Bo-measurable functions g W X ! E, equipped with the uniform norm k k (see [1] [2] [3] ). Then we have (see [3, Proposition 1] ): C b .X /˝E C rc .X; E/ B.Bo; E/:
Different classes of strict topologiesˇz, where z D ; 1; p; ; t, on the spaces C b .X /; C rc .X; E/; C b .X; E/ are of importance in the topological measure theory and have been studied in numerous papers (see [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] ). Then c ˇt ˇ ˇ1 ˇ u andˇt ˇp ˇ :
In this paper, we will consider the strict topologyˇt on C b .X; E/ that is also denoted byˇ(see [7, 8] ) and by o (see [5, 11] ). It is known that if X is locally compact, then the strictˇt coincides with the original topologyǒ f Buck (see [4] ).
Remark 1.1. From now on, following [4, 7] and [8] we use a symbollˇinstead ofˇt (orˇo) and simply callǎ strict topology.
Now we collect basic concepts and facts concerning the strict topologyˇand the weak strict topology ı on C b .X; E/. Let Vˇ(resp. V ı ) stand for the set of all bounded functions v W X ! OE0; 1/ such that for every " > 0, ft 2 X W v.t/ "g 2 K.X / (resp. ft 2 X W v.t / "g 2 F.X / /. The strict topologyˇ(resp. weak strict topology ı) on C b .X; E/ is generated by the family of seminorms:
where v 2 Vˇ(resp. v 2 V ı ). Thenˇ(resp. ı) can be characterized as the finest locally convex topology on C b .X; E/ which coincides with c (resp. s ) on u -bounded subsets of C b .X; E/ (see [7, 11, 13] ). The topologies ı,ˇand u have the same bounded subsets (see [7, Theorem 3.4] , [13] ). This means that .C b .X; E/;ˇ/ and .C b .X; E/; ı/ are generalized DF-spaces (see [11] , [13, Corollary] ); equivalently,ˇ(resp. ı) coincides with the mixed topology OE u ; c (resp. OE u ; s ) in the sense of Wiweger (see [16, 17] for more details). We have s ı ˇ u and c ˇand C b .X /˝E isˇ-dense in C b .X; E/ (see [11] ). It is known that C b .X; E/ 0 (resp. C b .X; E/ X; E/ 0 ; k k/ (see [17, Proposition 1] ). Moreover, a sequence .f n / in C b .X; E/ is convergent to 0 forˇ(resp. ı) if and only if sup n kf n k < 1 and f n ! 0 for c (resp. for s ) (see [17, Proposition 1] ). Note that ı Dˇif and only if K.X / F.X / (see [12, Proposition 3.2] ).
If X is a locally compact Hausdorff space, by C o .X; E/ (resp. C c .X; E/) we denote the space of all continuous functions f W X ! E vanishing at infinity (resp. with a compact support), equipped with the uniform norm.
For X being a compact Hausdorff space (resp. a locally compact Hausdorff space) and E; F being locally convex spaces (in particular, Banach spaces), the problem of an integral representation of bounded linear operators from C.X; E/ (resp. C o .X; E/ and C c .X; E/ ) to F in terms of their representing measures m W Bo ! L.E; F 00 / has been studied by Foias and Singer [18] , Dinculeanu [1, 2] , Goodrich [19] , Dobrakov [20] and Shuchat [3] . Different classes of operators on C.X; E/ have been studied intensively; see [1, 2] , [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . The study of the relationship between operators and their representing operator measures is a central problem in the theory.
Linear operators from the spaces C rc .X; E/ and C b .X; E/, equipped with the strict topologiesˇz .z D ; 1; / to a locally convex space .F; / were studied by Katsaras and Liu ([33] ), Aguayo-Garrido and NovaYanéz (see [34, 35] ). In particular, Katsaras and Liu found an integral representation of weakly compact operators S W C rc .X; E/ ! F and characterizations of .ˇz; /-continuous and weakly compact operators S W C rc .X; E/ ! F for z D ; (see [33] ). Aguayo-Arrido and Nova-Yanéz derived a Riesz representation theorem for .ˇz; /-continuous and weakly compact operators T W C b .X; E/ ! F for z D 1; in terms of their representing operator Baire measures (see [35, Theorems 5 and 6] ).
In [36] we have developed a general theory of continuous linear operators from C b .X; E/, equipped with the strict topologiesˇz (where z D ; 1; p; ; t) to a Banach space F . Next, in [37] in case C b .X /˝E is assumed to beˇ -dense in C b .X; E/ (for example, if X has a -compact dense subset; resp. X is a D-space; resp. E is a D-space), we have studied different classes of .ˇ ; k k F /-continuous operators T W C b .X; E/ ! F in terms of their representing Baire operator measures.
The main aim of this paper is to develop a Riesz integral representation theory for .ˇ; k k F /-continuous operators T W C b .X; E/ ! F , where X is supposed to be a completely regular Hausdorff space. As an application, we extend to "the setting of completely regular spaces (in particular, k-spaces)" the classical results concerning operators on the spaces C.X; E/ and C o .X; E/, where X is a compact or a locally compact Hausdorff space. In Section 2 we develop the duality theory of C b .X; E/, equipped with the strict topologiesˇand ı. In Section 3 using the device of embedding the space B.Bo; E/ into C b .X; E/ 00 (= the bidual of .C b .X; E/;ˇ/), the properties that C rc .X; E/ B.Bo; E/ and C rc .X; E/ isˇ-dense in C b .X; E/, we derive the integral representation of .ˇ; k k F /-continuous operators T W C b .X; E/ ! F by the Riemann-Stieltjes type integrals with respect to the representing measures m W Bo ! L.E; F 00 / (see Theorem 3.2 below). In Section 4 using the Dieudonné-Grothendieck type criterion for relative weak compactness in the Banach space M.X / for X being a k-space (see Theorem 3.5), we characterize strongly bounded operators T W C b .X; E/ ! F (see Theorems 4.1 and 4.3 below). In Section 5 we establish a Radon-type extension theorem for strongly bounded operators T W C b .X; E/ ! F (see Theorem 5.2 below). In Section 6 we extend and generalize some classical result of Brooks and Lewis [26] concerning weakly compact operators on spaces of continuous vector-valued functions (see Theorem 6.2) . In Section 7 we study unconditionally converging operators T W C b .X; E/ ! F . As an application, we derive that if X is a k-space and E is reflexive, then .C b .X; E/;ˇ/ has the V property of Pełczynski (see Corollary 7.9 below). Remark 1.2. In the present paper we study the Riemann-Stieltjes integration of bounded continuous functions with respect to Borel operator measures. This approach is very natural and has been used by many authors (see [9-11, 14, 19, 33] ) and is different from the concept of integration developed by the present author in [36] and [37] , where the integral of bounded continuous functions is defined as aˇz-continuous extension of the so-called immediate integral of [1] , [2, Sections G-H] (see [36, Lemma 6 and Theorem 9] ).
Duality of C b .X; E / with the strict topologies
Recall that a countably additive scalar measure on Bo is said to be a regular if its variation j j W Bo ! R C is regular, i.e., for each A 2 Bo,
By M.X / we denote the space of all countably additive regular scalar Borel measures.
Let M.X; E 0 / denote the space of all countably additive measures W Bo ! E 0 of bounded variation .j j.X / < 1/ such that for each x 2 E, x 2 M.X /; where x .A/ WD .A/.x/ for A 2 Bo. Then j j 2 M.X/ (see [8, Lemma 2.3] Definition 2.2. We say that f 2 C b .X; E/ is m-integrable over A 2 Bo provided there exists y A 2 F such that given " > 0 there exists a finite Bo-partition P " of A such that
if fA 1 ; : : : ; A n g is any Bo-partition of A refining P " and ft 1 ; : : : ; t n g is any choice of points of A such that t i 2 A i for i D 1; : : : ; n. Then R A f d m WD y A will be called a Riemann-Stieltjes integral of f with respect to m over A 2 Bo. Theorem 2.3. Assume that m 2 M.X; L.E; F // has the regular semivariation. Then the following statements hold:
Proof. (i) Let f 2 C b .X; E/ and A 2 Bo. We will show that f is m-integrable over A. Indeed, let Á > 0 be given, and
Hence there exists a set ft 1 ; : : :
: : : ; n and 
Similarly, we get kS
, and hence
It follows that .S A .f // is a Cauchy net in .F; k k F / and hence the integral
Note that for each y 0 2 F 0 and A D fA 1 ; : : : ; A n ; t 1 ; : : : ; t n g 2 D A , we have y
Hence, we get
In particular, if 2 M.X; E 0 /, then every f 2 C b .X; E/ is -integrable over all A 2 Bo and one can easily show thatˇZ
Note that the equationˆ .f / D R X f d for f 2 C b .X; E/; defines aˇ-continuous linear functional on C b .X; E/. Indeed, let .f˛/ be a net in C b .X; E/ such that f˛! 0 forˇ. Then e f˛! 0 forˇin C b .X/ and since j j 2 M.X /, we get R X e f˛d j j ! 0 (see [10, Lemma 4.2] 
X; E/: Now we can state the following characterization of .ˇ; k k F /-continuous functionals on C b .X; E/. 
We will use the following topological result: if .K i / ). The following lemma will be useful.
Moreover, for O 2 T ; we have
where the supremum is taken over finite disjointly supported collections fu 1 ; : : : ; u n g in C b .X / with ku i k D 1 and supp u i O and fx 1 ; : : : ; x n g B E .
Proof
On the other hand, let " > 0 be given. Then there exist a finite Bo-partition .A i / n iD1 of A and x i 2 B E , i D 1; : : : ; n such that
By the regularity of x i 2 M.X / for i D 1; : : : ; n, we can choose
for i D 1; : : : ; n. Choose pairwise disjoint O i 2 T with K i O i for i D 1; : : : ; n such that
. Then for i D 1; : : : ; n we can choose
Hence we get,
Thus the proof of (2) is complete. Corollary 2.7. For a subset M of M.X; E 0 / the following statements are equivalent:
(ii),(iii) It follows from Lemma 2.5.
Schmets and Zafarani developed the duality theory of C b .X /, equipped with the weak strict topology ı (see [12, Theorem 4 
.1 and Proposition 4.2])
. Now we extend these results to the vector-valued setting. For t 2 X and x
Then j t;x 0 j.X/ D kı t;x 0 k and using Lemma 2.5, we get j t;x 0 j.X X ft g/ D 0. Hence j t;x 0 j.ftg/ D kx 0 k E 0 and t;x 0 .ftg/ D x 0 . It follows that t;x 0 is concentrated on ft g; that is, for A 2 Bo,
Let C.X; E/ stand for the space of all continuous functions f W X ! E, equipped with the topology s of simple convergence. It is known that .C.X; E/;
Then for a linear functionalˆon C b .X; E/ the following statements are equivalent:
Hence by the Hahn-Banach theorem there exists a k k 1 -continuous linear extension
Theorem 2.10. For a linear functionalˆon C b .X; E/ the following statements are equivalent:
we see that
Let " > 0 be given. Choose n " 2 N such that
Hence for M " D ft 1 ; : : : ; t n g by Lemma 2.5, we get
Hence in view of the proof of Lemma 2.8 there exists a sequence .t n / in X with v.t n / ! 0 and for each 2 M there exists
Let " > 0 be given. Choose n " 2 N such that v.t n / Ä " a for n n " . Hence for each 2 M;
X; E/ with kf k Ä 1 and fˇM " Á 0, where M " D ft 1 ; : : : ; t n " g. Then for every 2 M,
(ii))(iii) Assume that (ii) holds. By Lemma 2.5 for 2 M and M 2 F.X /,
It follows that (iii) holds.
Let sup 2M j j.X/ D a. Then for f 2 C b .X; E/ and every 2 M, we have jˆ .f /j Ä .a C 1/p v .f /; and it follows that (i) holds. 
A Riesz representation theory of operators on
and .I / R X g d denotes the so-called immediate integral (see [1, 2] ). Then
and hence is bounded and k .g/k Ä kgk. One can easily show that
where k‰k D supfj‰.ˆ/j Wˆ2 C b .X; E/ 0 ; kˆk Ä 1g. Then T 0 and T 00 are bounded operators, and we define a bounded operator by: 
where .s n / is a sequence in S.Bo; E/ such that ks n gk ! 0. Then for y 0 2 F 0 ;
Bo; E/:
From the general properties of the operator O T for h 2 C rc .X; E/ we have,
Hence for each y 0 2 F 0 , we get
By M.X; L.E; F 00 // we denote the space of all measures m W Bo ! L.E; F 00 / such that e m.X / < 1 and for each y 0 2 F 0 , m y 0 2 M.X; E 0 /.
Definition 3.1. We say that m 2 M.X; L.E; F 00 // has the tight semivariation if for every " > 0 there exists
Now we can state the following Riesz representation theorem for operators on C b .X; E/.
Theorem 3.2. Assume that T W C b .X; E/ ! F is a .ˇ; k k F /-continuous operator and m is its representing measure. Then the following statements hold: 
(ii) holds. Using (i) and (ii) we easily obtain that (iii) holds. Since the family fy 0 ı T W y 0 2 B F 0 g isˇ-equicontinuous, by Corollary 2.7 and (ii) for every " > 0 there exists K 2 K.X / such that e m.X X K/ D sup y 0 2B F 0 jm y 0 j.X X K/ Ä " and this means that (iv) holds. Then by (iv), (ii) and Lemma 2.5 we easily obtain that (v) holds. Using (ii) and Lemma 2.5, we have
i.e., (vi) holds. Now we shall show that every f 2 C b .X; E/ is m-integrable over X . Indeed, let f 2 C b .X; E/ and Á > 0 be given, and " D
For each t 2 X let W t D fs 2 X W kf .s/ f .t /k E < "g. Hence there exists a set ft 1 ; : : : ; t n g in X such that 
Thus (vii) holds. Now we shall show that the integration operator S m W C b .X; E/ ! F 00 defined by the equation
is .ˇ; k k F 00 /-continuous. Indeed, let " > 0 be given. Since fy 0 ı T W y 0 2 B F 0 g isˇ-equicontinuous and (ii) holds, there exists a neighbourhood V of 0 forˇsuch that sup y 0 2B F 0 j R X f d m y 0 j Ä " for f 2 V . Assume that .f˛/ is a net in C b .X; E/ such that f˛! 0 forˇ. Then one can choose˛" such that f˛2 V for˛ ˛". Hence for˛ ˛" we have,
i.e., S m is .ˇ; k k F 00 /-continuous. Using (ii), (7) and (6) for h 2 C rc .X; E/ and y 0 2 F 0 , we have
Thus the condition (viii) is satisfied. Assume now that f 2 C b .X; E/ and choose a net .h˛/ in C rc .X; E/ such that h˛! f forˇ. Then
and hence
i.e., (ix) holds. Assume that m 2 M.X; L.E; F 00 // satisfies the conditions (iii) and (iv). For f 2 C b .X; E/ define a linear mapping 
In view of the first part of the theorem, the conditions (v), (vi), (vii), (viii) and (ix) are satisfied.
Assume that T W C b .X; E/ ! F is a .ˇ; k k F /-continuous operator and m is its representing measure. For x 2 E let us set,
00 stand for the canonical embedding, i.e., for v 2 B.Bo/,
where
Lemma 3.3. Let T W C b .X; E/ ! F be a .ˇ; k k F /-continuous operator and m be its representing measure. Then for each x 2 E the following statements hold:
Proof. Let y 0 2 F 0 . Then by Theorem 3.2 for u 2 C b .X /; we have
where ' m x;y 0 2 C b .X / 0 . Hence, we get
On the other hand, by Theorem 3.2, y 0 ı T Dˆm y 0 ; and hence
It follows that (i) holds. For A 2 Bo, we have
and hence, 
4]).
Theorem 3.4. Let T W C b .X; E/ ! F be a .ˇ; k k F /-continuous operator and m be its representing measure. Then for each x 2 E the following statements are equivalent: 
we obtain that T x is weakly compact. A completely regular Hausdorff space X is said to be a k-space if each set which meets every compact subset in a closed set must be closed. X is a k-space, for instance if X is locally compact or first countable (see [38, Chap. 3, § 3], [6, p. 107] ). Making use of [43] we can state the following extension to k-spaces of the celebrated Dieudonné-Grothendieck's criterion on relative weak compactness in the space M.X / (see [44, Theorem 2] , [45, Theorem 14, p. 98-103]), which will play a crucial role in the study of operators on C b .X; E/. Theorem 3.5. Assume that X is a k-space and M is a subset of M.X / such that sup 2M j j.X / < 1. Then the following statements are equivalent:
(i) M is relatively weakly compact in the Banach space M.X /.
(ii) M is uniformly countably additive, i.e., sup 2M j .A n /j ! 0 whenever A n # ;, .A n / Bo. (iii) M is uniformly strongly additive, i.e., sup 2M j .A n /j ! 0 whenever .A n / is pairwise disjoint in Bo.
(iv) sup 2M j j.A n / ! 0 whenever .A n / is a pairwise disjoint sequence in Bo.
(v) M is a relatively T s -compact subset of M.X /.
(vi) M is uniformly regular, i.e., for every A 2 Bo and " > 0 there exist
Proof. (i) T is strongly bounded, i.e., e m is continuous at ;. (ii) T .f n / ! 0 whenever .f n / is a uniformly bounded sequence in C b .X; E/ such that f n .t / ! 0 in E for each t 2 X . (iii) T .f n / ! 0 whenever .f n / is a uniformly bounded sequence in C b .X; E/ such that supp f n \ supp f k D ;
for n ¤ k. (iv) For every A and " > 0 there exist
Proof. (i))(ii) Assume that T is strongly bounded. Let 2 ca C .Bo/ be a control measure for fjm y 0 j W y 0 2 B F 0 g (see [45, Theorem 4, ). Let .f n / be a sequence in C b .X; E/ such that sup n kf n k D M < 1 and f n .t/ ! 0 for every t 2 X. Then for a given " > 0 there exists Á > 0 such that supfjm
whenever .A/ Ä Á, A 2 Bo. Since e f n 2 B.Bo/, by the Egoroff theorem there exists A Á 2 Bo with .X X A Á / Ä Á and sup t 2A Á e f n .t / Ä " 2e m.X/ for n n " for some n " 2 N. For each y 0 2 B F 0 and n n " by Theorem 3.2 and (1), we have
Hence kT .f n /k F Ä " for n n " , as desired.
(ii))(iii) It is obvious.
(iii))(i) Assume that (iii) holds and T is not strongly bounded. Then by Theorem 3.5 there exist " 0 > 0, a pairwise disjoint sequence .O n / in T and a sequence .y 0 n / in B F 0 such that jm y 0 n j.O n / > " 0 . Hence by Lemma 2.5 there exists a sequence .h n / in C b .X /˝E with kh n k D 1 and supp h n O n for n 2 N such thať
Then for n 2 N,
On the other hand, since supp h n \ supp h k D ; for n ¤ k, we get kT .h n /k F ! 0. This contradiction establishes that (i) holds. The following Riesz representation type theorems will be of importance in the study of operators on C b .X; E/. (i) The mapping T W C b .X; E/ ! F defined by the equation:
Proof. In view of Theorem 2.3 and Corollary 2.7 the family fy 0 ı T W y 0 2 B F 0 g isˇ-equicontinuous and this means that T is .ˇ; k k F /-continuous. By Theorem 4.1 T is strongly bounded, so (i) is satisfied. In view of Theorems 2.3 and 3.2 for y 0 2 F 0 , we get
and if follows that (ii) holds.
Corollary 4.4. Assume that X is a k-space. Let T W C b .X; E/ ! F be a strongly bounded operator and m be its representing measure. Then the following statements hold:
Proof. By Theorems 4.1 and 4.3 and 2.3 the statements (i) and (ii) are satisfied. Using Theorems 3.2 and 4.3 for each y 0 2 F 0 , we have
and it follows that (iii) holds. The condition (iv) follows from (iii) and Theorem 4.3.
L.E; F // we will denote the subspace of M.X; L.E; F // of all discrete measures.
(ii) We say that m 2 M d .X; L.E; F // has the discrete semivariation if for every " > 0 there exists M 2 F.X / such that e m.X X M / Ä ". Theorem 4.6. Assume that X is a k-space. Let T W C b .X; E/ ! F be a .ı; k k F /-continuous linear operator and m be its representing measure. Then the following statements hold:
L.E; F // and m F has the discrete semivariation.
Proof. 
Moreover, since the family fy 0 ı T W y 0 2 B F 0 g is ı-equicontinuous, by Corollary 2.11 the family fjm y 0 j W y 0 2 B F 0 g is uniformly discrete, that is, m F has the discrete semivariation, i.e., (ii) holds. Now using Theorem 3.5 and arguing as in the proof of Corollary 13 in [36] we can show a related result for .ˇ; k k F /-continuous operators T W C b .X; E/ ! F (see also [45, Theorem 15 , pp. 159-160]).
Corollary 4.7. Assume that X is a k-space and F contains no isomorphic copy of c o . Then every .ˇ; k k F /-continuous operator T W C b .X; E/ ! F is strongly bounded.
Radon extension of operators on
; E/ stand for the vector-space of all -measurable functions g W X ! E such that
Proof. By the regularity of there exists a sequence .
for n 2 N. Note that by the Pettis measurability theorem, h n is -measurable (see [45, Theorem 2, p. 42] ) and h n .t/ ! f .t/ for t 2 A. It follows that f is -measurable and f 2 L 1 . ; E/.
Assume that m 2 M.X; L.E; F // has the regular semivariation and let 2 M C .X / be a control measure for fjm y 0 j W y 0 2 B F 0 g. We can assume that to be complete (if necessary we can take the completion .X; Bo; / of .X; Bo; /, and for each y 0 2 B F 0 , we extend jm y 0 j to Bo ). It is known that if g 2 L 1 . ; E/, then one can define the Radon-type integral of g with respect to m by the equation:
where .s n / is a sequence in S.Bo; E/ such that ks n .t / g.t /k E ! 0 -a.e. on X and ks n .t /k E Ä kg.t /k E -a.e. on X (see [48, § 1] ). Then the Radon integration operator T m W L 1 . ; E/ ! F defined by the equation:
is --smooth, i.e., T m .g n / ! 0 whenever .g n / is a sequence in L 1 . ; E/ such that sup n kg n k 1 < 1 and kg n .t/k E ! 0 -a.e. on X (see [48, Proposition 3.5] ). Note that for y 0 2 F 0 and g 2 L 1 . ; E/, we have
Now we can state a Radon extension theorem for operators on C b .X; E/, which will be useful in the study of operators on C b .X; E/ (see the proof of Corollary 7.11 below).
Theorem 5.2. Assume that X is a k-space. Let T W C b .X; E/ ! F be a strongly bounded operator and m be its representing measure. If
and for each y 0 2 F 0 , there exists a weak -measurable function
Proof. By Corollary 4.4 m F 2 M.X; L.E; F // and m F has the regular semivariation. Moreover, every f 2
; E/ (see Proposition 5.1), using (8), we have
Note that e f˛! 0 forˇin C b .X / and jm y 0 j 2 M.X /. Hence R X e f˛d jm y 0 j ! 0. It follows that y 0 ı .T m FˇC b .X;E/ / is aˇ-continuous functional. For h 2 C rc .X; E/ B.Bo; E/, we get
Since C rc .X; E/ isˇ-dense in C b .X; E/, for each y
Let y 0 2 F 0 . Then according to the Radon-Nikodym type theorem (see [49, Theorem 1.5.3] ) there exists a weakmeasurable function g y 0 W X ! E 0 such that kg y 0 . /k E 0 2 L 1 . / and for every x 2 E and A 2 Bo,
Now let f 2 C b .X; E/ L 1 . ; E/. Then there exists a sequence .s n / in S.Bo; E/ such that ks n .t / f .t/k E ! 0 -a.e. and ks n .t /k E Ä kf . 
Note that by (4), we get ky 6 Weakly compact operators on C b .X; E / If X is a compact Hausdorff space (resp. X is a locally compact Hausdorff space), weakly compact operators T W C.X; E/ ! F (resp. T W C o .X; E/ ! F ) have been studied intensively by Batt and Berg [21, 23] , Brooks and Lewis [26] , Bombal and Cembranos [24] and Saab [29] .
Recall that a linear operator T W C b .X; E/ ! F is called .ˇ; k k F /-weakly compact if there exists a neighbourhood V of 0 forˇsuch that T .V / is relatively weakly compact in F . One can easily show that a .ˇ; k k F /-weakly compact operator T W C b .X; E/ ! F is .ˇ; k k F /-continuous.
The following characterization of weakly compact operators on .C b .X; E/;ˇ/ will be useful.
Theorem 6.1. For a .ˇ; k k F /-continuous linear operator T W C b .X; E/ ! F the following statements are equivalent:
(ii) T maps u -bounded sets in C b .X; E/ onto relatively weakly compact sets in F .
Proof. , we obtain that the set fjm y 0 j W y 0 2 B F 0 g is uniformly countably additive and for each A 2 Bo, the set fm y 0 .A/ W y 0 2 B F 0 g is relatively weakly compact in E 0 . It follows that T is strongly bounded and since for y Theorem 29] we obtain a related result to Theorem 6.2 for .ˇ ; k k F /-continuous operators T W C b .X; E/ ! F , where C b .X /˝E is supposed to beˇ -dense in C b .X; E/.
Unconditionally converging operators on C b .X; E /
We start with the following definition. Definition 7.1. Assume that .Z; / is a locally convex Hausdorff space and .F; k k F / is a Banach space. A . ; k k F /-continuous linear operator T W Z ! F is said to be unconditionally converging if the series P 1 nD1 T .z n / converges unconditionally in F whenever
By F.N/ we denote the family of all finite subsets of N.
Lemma 7.2. For a sequence .f n / in C b .X; E/ the following statements are equivalent:
Proof. (ii))(iii) It is obvious becauseˇ u . (iii))(i) Assume that (iii) holds. Then for M 2 F.N/ and 2 M.X; E 0 /, we havě
This means that the set f
X; E/; C b .X; E/ 0 /-bounded, and hence it isˇ-bounded. If follows that supfk
Proposition 7.3. Let T W C b .X; E/ ! F be a .ˇ; k k F /-continuous linear operator. Then the following statements are equivalent: (i) T is unconditionally converging.
(ii) T .f n / ! 0 whenever
Proof. (i))(ii) It is obvious.
(ii))(i) Assume that (ii) holds and T is not unconditionally converging. Then in view of Lemma 7.2, by [46, Exercise 8(i), p. 54] there exists a subspace S of C b .X; E/ isomorphic to c o such that TˇS W S ! F is an isomorphism. Let I W c o ! C b .X; E/ be an embedding and f n D I.e n / 2 S for n 2 N, where fe n W n 2 Ng is the canonical base in c o . Then for
nD1 js n j < 1. On the other hand, there exist a > 0 and b > 0 such that kT .f n /k F akf n k ab ke n k 1 D ab. This contradiction established that (i) holds.
If X is a compact Hausdorff space, Swartz [51] proved that every unconditionally converging operator T W C.X; E/ ! F is strongly bounded. Dobrakov (see [20, Theorem 3] ) showed that if X is a locally compact Hausdorff space, then every unconditionally converging operator T W C 0 .X; E/ ! F is strongly bounded and for every Borel set A in X , the operator m.A/ W E ! F is unconditionally converging. We extend this result to the setting when T W C b .X; E/ ! F is a .ˇ; k k F /-continuous operator and X is a k-space. Theorem 7.4. Assume that X is a k-space. Let T W C b .X; E/ ! F be a unconditionally converging operator and m stand for its representing measure. Then the following statements hold:
(i) T is strongly bounded.
(ii) For every A 2 Bo, m F .A/ W E ! F is unconditionally converging.
Proof. (i) Assume that .f n / is a sequence in C b .X; E/ such that sup n kf n k D a < 1 and supp f n \ supp f k D ; for n ¤ k. Then for each 2 M.X; E 0 /, we have
By Proposition 7.3 T .f n / ! 0; and hence by Theorem 4.1 T is strongly bounded.
(ii) Let A 2 Bo and " > 0 be given. In view of Theorem 4.1 there exist K 2 K.X / and O 2 T with
To show that T v W E ! F is unconditionally converging, assume that P 1 nD1 x n is a weakly unconditionally Cauchy sequence in a Banach space E. Then for M 2 F.N/,
, and by Lemma 7.2
T .v˝x n / is unconditionally convergent, i.e., T v W E ! F is unconditionally converging. For each x 2 B E by Corollary 4.4, we have
Hence kT v m F .A/k Ä " and since the set of all unconditionally converging operators from E to F is a closed linear subspace of .L.E; F /; k k/ (see [20, p. 20] ), we derive that m F .A/ is unconditionally converging.
Brooks and Lewis [26, Theorem 5.2] showed that if X is a locally compact Hausdorff space and E contains no isomorphic copy of c o then every strongly bounded operator T W C o .X; E/ ! F is unconditionally converging. Now we extend this result to the setting when X is a k-space and T W C b .X; E/ ! F is a .ˇ; k k F /-continuous operator.
Theorem 7.5. Assume that X is a k-space and E contains no isomorphic copy of c o . Let T W C b .X; E/ ! F be a strongly bounded operator. Then T is unconditionally converging.
Proof. Let m be a representing measure of T . By Corollary 4.4 m F 2 M.X; L.E; F // has the regular semivariation and let 2 M C .X / be a control measure for fjm y 0 j W y 0 2 B F 0 g. Then the Radon integration operator T m F W L 1 . ; E/ ! F is --smooth (see Theorem 5.2). Assume that .f i / is a sequence in C b .X; E/ such that P 1 iD1 j R X f i d j < 1 for each 2 M.X; E 0 /. Hence P 1 iD1 jx 0 .f i .t //j < 1 for each t 2 X , x 0 2 E 0 because ı t;x 0 2 C b .X; E/ 0 . It follows that P 1 i D1 f i .t / is an unconditionally convergent series in E for each t 2 X because E contains no isomorphic copy of c o (see [52] ). Hence f n .t / ! 0 for t 2 X and sup kf n k < 1, and by Theorem 5.2 T .f n / D .R/ R X f n d m F ! 0. In view of Proposition 7.3 it means that T is unconditionally converging. As a consequence of Theorems 4.1, 7.4 and 7.5 we have the following result.
Corollary 7.7. Assume that X is a k-space and E is a reflexive Banach space. Then for a .ˇ; k k F /-continuous linear operator T W C b .X; E/ ! F the following statements are equivalent:
(i) T is sequentially .ı; k k F /-continuous.
(ii) T is .ˇ; k k F /-weakly compact.
(iii) T is unconditionally converging
Following [28, 53] we have a definition. Definition 7.8. A locally convex Hausdorff space .Z; / is said to have the V property of Pełczynski if for every Banach space .F; k k F /, every unconditionally converging operator T W Z ! F is . ; k k F /-weakly compact.
As a consequence of Corollary 7.7, we have:
Corollary 7.9. Assume that X is a k-space and E is reflexive. Then the space .C b .X; E/;ˇ/ has the V property of Pełczynski. As an application of Theorem 5.2, we get the following characterization of unconditionally converging operators on C b .X; E/.
Corollary 7.11. Assume that X is a k-space. Let T W C b .X; E/ ! F be a strongly bounded operator and m be its representing measure. If 2 M C .X / is a control measure for fjm y 0 j W y 0 2 B F 0 g, then the following statements are equivalent:
(i) T is unconditionally converging.
(ii) lim n R X hf n ; g y 0 n id D 0 whenever P 1 nD1 j R X f n d j < 1 for every 2 M.X; E 0 / and y 0 n 2 B F 0 for n 2 N.
Proof. (i))(ii) Assume that (i) holds and let .f n / be a sequence in C b .X; E/ such that P 1 nD1 j R X f n d j < 1 for every 2 M.X; E 0 / and .y (ii))(i) Assume that (ii) holds. Let .f n / be a sequence in C b .X; E/ such that P 1 nD1 j R X f n d j < 1 for every 2 M.X; E 0 /. Choose a sequence .y Using Proposition 7.3 we obtain that T is unconditionally converging.
By M d .X / we denote the subspace of M.X / of all discrete measures. Note that if 2 M d .X /; then D P 1 nD1 c n t n , where t n 2 X and P 1 nD1 jc n j < 1 and R X u d t n D u.t n / for u 2 C b .X /. Then t n .A/ D 1 A .t n / for A 2 Bo.
Theorem 7.12. Assume that X is a k-space. Let T W C b .X; E/ ! F be a strongly bounded operator and m be its representing measure. If 2 M C d .X / is a control measure for fjm y 0 j W y 0 2 B F 0 g, then the following statements are equivalent:
(ii) For every A 2 Bo; m F .A/ W E ! F is unconditionally converging.
Proof. (i))(ii) See Theorem 7.4.
(ii))(i) Assume that (ii) holds and D P 1 nD1 c n t n with c n 0 and P 1 nD1 c n < 1. Let .x n / be a sequence in E such that P 1 nD1 jx 0 .x n /j < 1 for every x 0 2 E 0 and .y 0 n / be a sequence in B F 0 . In view of (9) for every A 2 Bo, we haveˇZ where km F .A/.x n /k F ! 0. It follows that for each i 2 N, lim n hx n ; g y 0 n
.t i /i D lim n R ft i g hx n ; g y 0 n i d D 0. Assume now that .f n / is a sequence in C b .X; E/ such that P 1 nD1 j R X f n d j < 1 for every 2 M.X; E 0 /. Then for x 0 2 E 0 , we have P 1 nD1 jx 0 .f n .t i //j D P 1 nD1 j R X f n d t i ;x 0 j < 1 and hence lim n hf n .t i /; g y . /k E 0 d for A 2 Bo, n 2 N (see (9) ) and fjm y 0 n j W n 2 Ng is uniformlycontinuous, we obtain that fkg y 0 n . /k E 0 W n 2 Ng is a uniformly integrable subset of L 1 . /. It follows that the family fhf n ; g y 0 n i W n 2 Ng is also a uniformly integrable subset of L 1 . / because sup n kf n k < 1. Hence using the Vitali theorem, we have that lim n R X hf n ; g y 0 n id D 0, and by Corollary 7.11 T is unconditionally converging. 
